We extend our recent phenomenological study of pN → N N ππ reactions to thepN →N N ππ reactions for anti-proton beam momenta up to 3.0 GeV within an effective Lagrangian approach.
I. INTRODUCTION
As an interesting field to study baryon spectrum and properties of strong interaction, double pion production in pion-, photo-and electro-induced reactions has been extensively explored [1] . Recently, we have performed a comprehensive theoretical analysis of the double pion production in nucleon-nucleon collisions [2] based on the new data from CELSIUS and COSY experiments in the past few years [3] . It is meaningful to extend the study to the closely relatedpN →NNππ reactions, and herein we present the results.
The experimental studies on thepN →NNππ reactions were mainly performed in the years around 1970 [4] [5] [6] [7] [8] [9] [10] with some additions on thepp →ppπ + π − channel by the JETSET Collaboration at 1997 [11] . The data were still scarce. On theoretical side, the one pion exchange (OPE) model [4] and Regge pole model [5] , focusing on the beam momenta above 3.0 GeV, included the double-∆ excitations only. However, on experimental side, there was an argument about the data ofpp →ppπ + π − at the beam momenta around 3.0 GeV [6] whether there was contribution from a N * with mass about 1400 MeV and width about 80 MeV, respectively. Also, the experiment ofpp →ppπ + π − at the beam momentum of 2.5 GeV [7] claimed an enhancement at a ∆π invariant mass of 1370 MeV. From the modern point of view, these data might show the presence of the Roper resonance N * (1440) in thepp →ppπ + π − channel. As a matter of fact, the N * (1440) resonance should play essential role in this channel, which can be postulated from our analysis of NN → NNππ reactions [2, 12] where the N * (1440) was found to be important in the near-threshold region.
The ∆(1600) and ∆(1620) resonances are also expected to show up in thepN →NNππ reactions at high energies because they are found to be important to describe the data of NN → NNππ reactions for the beam momenta around 3.0 GeV [2] . Up to now the properties of these resonances are not well established and especially the nature of N *
is still in controversial [3] . Therefore it is meaningful to examine whetherN N →NNππ reactions could supply us with useful information. Also thepN →N Nππ channels could serve as a complementary place to test and verify the results of pN → NNππ reactions.
As we shall demonstrate later, some channels in antinucleon-nucleon collisions may be very suitable to settle down the problems found in nucleon-nucleon collisions.
Our paper is organized as the following. In Sect. II, we present the formalism and ingredients in our calculation. Then we give our numerical results and discussion in Sect. III, and a brief summary in Sect. IV. In the text, we use R → N M , R1 → R2M and double-R to label (1)(2), (3)(4)(5) and (6)(7)(8), respectively.
II. FORMALISM AND INGREDIENTS

FIG
The Feynman diagrams ofN N →N Nππ we considered are depicted in Fig. 1 . In the case of NN → NNππ reactions it is needed to symmetrize the initial and final nucleons so there are additional exchanged diagrams, which do not appear inNN →N Nππ channels.
The pre-emission diagrams are found to be small in NN → NNππ reactions [2] . Here we include them only for completeness. The formalism and parameters are nearly the same as those used in the study of the NN → NNππ. The commonly used Lagrangians for
Meson-(anti)Nucleon-(anti)Nucleon couplings [13] are,
In the above and following, we explicitly specify the isospin structure of the isospin 3/2 fields. The isospin transition operators I and K are defined as,
where m and n are the third components of the isospin projections, and τ the Pauli matrices.
At each vertex a relevant off-shell form factor should be used and we take them as [13] ,
with n=1 for π-and η-meson and n=2 for ρ-meson. k M , m M and Λ M are the 4-momentum, mass and cut-off parameters for the exchanged meson, respectively. The coupling constants and the cutoff parameters are taken as [13, 14] : f 
and ∆ * (1620) resonances play the major role in the considered energies [2] . Other resonances
give negligible contributions so we can safely ignore them. The effective Lagrangians for the relevant resonance couplings are [15, 16] ,
For the Resonance-Nucleon-Meson vertices, form factors with the following form are used: 
Here Q 0 is the hadron scale parameter, Q 0 = 0.197327/R GeV/c with R the radius of the centrifugal barrier in the unit of fm and chosen to be 1.5 fm to fit the data of NN → NNππ reactions. Q N * ∆π and P N * ∆π is defined as,
with s x being the invariant energy squared of x particle. We introduce the Blatt-Weisskopf barrier factors only for N * (1440)-∆-π vertices because other resonances, namely ∆ * (1600) and ∆ * (1620), begin to contribute at high energies so these factors have little influence on their behavior at the considered energies. On the other hand, as we have addressed, the data of nucleon-nucleon collisions at high energies are scarce so it is meaningful to decrease the adjustable parameters by using fewer form factors. If we would have enough data or go to higher energies it should be certainly necessary to include these form factors in the model.
Because the mass of σ-meson is near the two-π threshold, the following Lagrangians and form factor are employed for the σ-π-π vertex [1, 18] ,
where q is the relative momentum of the emitted pion in the center of mass system. We use Λ = 0.8 GeV and Λ The form factor for the baryon resonance R, F R (q 2 ), is taken as,
with Λ R = 1.0 GeV. The same type of form factors are also applied to the nucleon pole with Λ N = 0.8 GeV. The propagators of the exchanged meson, nucleon pole and resonances can be written as [14, 19] ,
Here "±" is for particles and antiparticles, respectively. Γ R is the total width of the corresponding resonance, and G µν (q) is defined as,
Because constant width is used in the Breit-Wigner (BW) formula, we adopt the pole positions of various resonances for parameters appearing in the propagators.
The coupling constants appearing in relevant resonances were determined by the empirical partial decay width of the resonances taken from Particle Data Group (PDG) [20] , and the detailed calculations of g ρN R and g σN R from the R → Nρ(σ) → Nππ decay were given in Ref. [21] . The values of cut-off in form factors were adjusted to fit the data of NN → NNππ reactions by hand [2] . Here we would like to mention that in our fit we first determined the It should be noted that we adopted a nearly half of the decay width of N * (1440) → ∆π in PDG as the recent data of NN → NNππ and γp → pπ 0 π 0 reactions favored [3, 22] .
The used decay width of N * (1440) → Nσ is the same with the value in PDG because we achieved an agreement with the data by adjusting the relevant cut-off parameters. So in our model a larger decay width of N * (1440) → Nσ compared to PDG was not required. The values of coupling constants and cut-off used in our computation are compiled in Table I, together with the properties of the resonances and the central values of branch ratios. As we addressed, the parameters in Table I III. NUMERICAL RESULTS AND DISCUSSION Fig. 2 and Fig. 3 demonstrate our calculated total cross sections of four isospin channels together with the existing data [8] [9] [10] [11] . Our numerical results give an overall good reproduction to all three initialpn channels, but overestimate the initialpp channel. This may be due to the fact that we have not treated the initial state interactions (ISI) properly. The ISI usually has a weak energy dependence for the meson production processes, so adjusting cutoff parameters in the form factors may partly account for it effectively as for the pp collision [2, 16] . However, while thepn is a pure isospin-vector state, thepp is a mixture of isospin-scalar and isospin-vector. The annihilation rate for the isospin-scalarNN is empirically found to be bigger than the isospin-vector by a factor about 1.7 [24] . The different annihilation rates will cause different ISI reduction factors [25, 26] . This effect is not taken into account in our model calculation. The final state interactions (FSI) may also cause smooth energy-dependent modifications to the total cross sections [27] . Although the ISI and FSI could be taken into account by some more complicated approaches [25] [26] [27] , they are still of some model dependence. Since in this work we mainly investigate the relative importance of various resonance contributions, we have not included complicated treatments of ISI and FSI which are not expected to influence our main conclusions.
In the following, we shall first address thepn → pnπ − π − channel because it is similar to the pp → nnπ + π + channel and has negligible N * contribution to be more clean. Then we shall discuss other three channels. We use the same definitions of various differential cross sections as those used in NN → NNππ reactions [2, 3] . Fig. 2(c) and Fig. 3(c) . Because the ∆ → Nπ → Nππ contribution is found to be important to describe the data of various NN → NNππ reactions simultaneously [2] , it would be very useful to find other place to get some constrain on this term. Thepn → pnπ − π − reaction is just an excellent place for such purpose. In Fig. 4 we give the differential cross sections at the beam momentum of 1800 MeV. The peak of invariant mass spectrum Mn π − is obviously different from that in pp → nnπ + π + channel which makes it easy for us to identify the ∆ → Nπ → Nππ term. The steep rise of angular distribution Θn in forward angle is distinct from the symmetric shape in pp → nnπ + π + . This is trivial because amplitudes are not symmetric in the exchange of the (anti)nucleons in antinucleon-nucleon collisions.
For the energies above 2300 MeV the ∆ * (1600) and ∆ * (1620) terms become significant and it is a good place to study the properties of them. The contribution from ∆ * (1600) → N * (1440)π term begins to take over as the biggest one in this energy region.
As pointed out in our analysis of NN → NNππ, the pp → nnπ + π + is very crucial in determining the cut-off parameters for the form factors of relevant ∆ * resonances due to the fact that this channel has negligible N * contribution. Unfortunately, the current data of differential cross sections of pp → nnπ + π + suffer large uncertainties [3] because among its final four particles there are two neutrons which are difficult to detect. Especially, it is hard to figure out that whether there is any dump hump structure or not in M π + π + from the current data of pp → nnπ + π + [2] . The channel ofpn → pnπ − π − is just the same as clean as the pp → nnπ + π + but with only one antineutron in its final four particles, which can be easily reconstructed by the missing mass spectrum. Another ambiguity may rise up from the spectator proton when deuteron target is used to analyzepd → pnp spec π − π − , but spectator model is repeatedly confirmed to be reliable in (anti)nucleon-nucleon collisions.
Sopn → pnπ − π − reaction is strongly suggested to be analyzed in PANDA-FAIR and it will be very helpful to distinguish different models.
B. The channel ofpp →ppπ + π − This channel is interesting because its double-∆ contribution mainly comes from the simultaneous∆ −− and ∆ ++ excitation. As depicted in Fig. 2(a) and Fig. 3(a) , for the energies below 1800 MeV the N * (1440) → Nσ term gives the largest contribution while the nucleon pole and N → ∆π terms also influence the near-threshold region significantly.
For the energies above 1800 MeV the double-∆ term takes over to be the most important one while N * (1440) → Nσ and N * (1440) → ∆π rank the second and third, respectively.
So unlike the pp → ppπ + π − and pp → ppπ 0 π 0 channels, in the whole energy regionpp → ppπ + π − is not suitable to extract the decay widths of N * (1440) because of the large double-∆ contribution. However, as the best measured channel in antinucleon-nucleon collisions, it is useful to test models. As shown in Fig. 2(a) and Fig. 3(a) , our results overestimate the data of thepp →ppπ + π − channel for the beam momenta below 2.4 GeV. As discussed at the beginning of this section, this may be caused by the ISI and FSI which we have not included in our model calculation. The effects from ISI and FSI will not influence much our estimation of relative contributions from various intermediate baryon resonances. This can be checked by the full phase space measurement at PANDA/FAIR.
In Fig. 5 and Fig. 6 we show the calculated differential cross sections at the beam momenta of 1800 MeV and 2200 MeV, respectively. The N * (1440) → Nσ, N * (1440) → ∆π and double-∆ contributions are comparable and have important contributions. Our results are compatible with the old bubble chamber data measured at these energies [8] . Very similar to the NN collisions, the ππ system is sensitive to the change of the contributions as can be seen in the M π + π − and cosϑ ππ π spectrums. The double hump structure in M π + π − caused by the N * (1440) → ∆π is obvious. The data of NN collisions did not support these structures [2] but the old bubble chamber data ofpp →ppπ + π − gave obvious double hump in M π + π − spectrums, especially at the beam momentum of about 1800 MeV [8] . Unfortunately, the statistics was very low and the number of selected events for each beam momentum was at most several hundreds, so the measured results were inconclusive. On theoretical side, the interference terms between N * (1440) → Nσ and N * (1440) → ∆π might be relevant because their role on the ππ invariant mass distributions have been found in πN → ππN [28] and NN → dππ [29] , so these terms should be treated with care in the future work. It should be mentioned that this problem may be related to the ABC effect of double-pion production in nuclear fusion reactions [29] , so it is meaningful to extensively study it both experimentally and theoretically. The luminosity of PANDA/FAIR is high enough to get the required production rates so the unsettled problem of the ππ system can be further explored in
C. The channel ofpn →pnπ + π −
In Fig. 2(b) and Fig. 3(b) , the N * (1440) → Nσ term is found to dominate in the whole considered energies and the nucleon pole term also gives significant contribution in the nearthreshold region. It is worth to point out that unlike the pn → pnπ + π − channel, the isovector excitation of N * (1440) inpn →pnπ + π − is not enhanced compared to thepp →ppπ + π − because charged meson exchange is not allowed in both channels. So in a wide energy region it is suitable to explore the isoscalar excitation of N * (1440).
The N * (1440) → ∆π term is the second largest for the beam momenta above 1500
MeV and other contributions are much smaller. As can be seen in Fig. 7 , the angular distributions of ϑ 
